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ABSTRACT

The effect of atmospheric turbulence on an optical wave can seriously degrade the
reliability of an optical communication link.

One atmospheric effect is scintillation,

which is caused by index of refraction fluctuations. Several observations of atmospheric
turbulence statistics suggest a modest change in the power law behavior of Kolmogorov' s
power spectral density model.

The corresponding index of refraction fluctuations are

assumed to have spatial power spectra that obey power laws that deviate somewhat from
the classical - 11/3 power law.
The purpose of this study is to develop analytical models for scintillation and
other wave propagation statistics based on non-classical power spectra.

This involves

random processes, asymptotic theory, and evaluating integrals involving special functions
(Bessel functions and hypergeometric functions). Mean irradiance and scintillation index
models are derived for a Gaussian-beam wave propagating through an atmosphere
experiencing weak irradiance fluctuations.

Also, the wave structure function for an

unbounded plane wave and spherical wave is derived under weak turbulence theory.
Using the derived plane wave structure function, the scintillation index for both a plane
and spherical wave experiencing strong irradiance fluctuations is calculated. In addition,
a scintillation model that is valid under all irradiance fluctuation conditions is derived for
both a plane and spherical wave propagating through non-Kolmogorov atmospheric
turbulence.
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CHAPTER 1: INTRODUCTION

It is well known that atmospheric turbulence limits the performance of imaging
and laser systems. One such effect, beam spreading, is an increase in beam divergence
beyond diffraction, resulting in a power decrease at the receiver.

Another effect,

scintillation, causes a loss of signal-to-noise ratio and induces deep random fades. Small
temperature variations in the atmosphere cause similar fluctuations of the index of
refraction. As a result of this optical turbulence, an optical wave propagating through the
atmosphere experiences random irradiance fluctuations that effect the quality of a
communication link.
Most mathematical modeling of atmospheric effects on an optical wave assume
the Kolmogorov model for atmospheric turbulence. The Kolmogorov model has shown
good agreement with experiments in the past; however, recent studies purport the
existence of certain portions of the atmosphere in which there is significant deviations
from the Kolmogorov model [l, 2]. The purpose of this study is to develop analytical
models for scintillation and other higher order statistics based on non-classical power
spectral models.
Changes in temperature fluctuations of the atmosphere occur at random. Hence,
the fluctuations in the index of refraction are also random and can be mathematically
described using complex phase perturbations of the electric field .

Effects on an optical

wave propagating through the atmosphere are calculated using statistical quantities. For
example, the second moment of the field, called the Mutual Coherence Function, when
evaluated at the same point yields the mean intensity.

I

Likewise, specializations of the

fourth-order field moment lead to the scintillation index, which is the variance of the
irradiance fluctuations scaled by the square of the mean irradiance.
Mathematical models for the scintillation index are often confined to certain
asymptotic regimes that are defined by the strength of atmospheric turbulence, or
fluctuations. These regimes are characterized by being either weak fluctuations or strong
fluctuations. The purpose of this thesis is to develop analytical models for scintillation
index, based on a generalized power spectrum, for both the weak and strong fluctuation
regimes. By combining the asymptotic behavior of the scintillation index under weak
and strong fluctuations, a general model will be calculated for both plane and spherical
waves that is valid under all fluctuation regimes.
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CHAPTER2:BACKGROUND

Natural processes affect an optical wave, or laser beam, as it propagates through
the atmosphere. While absorption and scattering by principal gases and particulates of
the atmosphere account for laser beam attenuation, more serious optical effects on laser
beam transmission are generally caused by small temperature variations.

These

temperature changes cause index of refraction fluctuations that lead to irradiance
fluctuations, beam broadening, and loss of spatial coherence of the optical wave. The
twinkling of the stars is an example of how refractive-index fluctuations affect the
propagation of light through the atmosphere.
To comprehend the nature of how refractive-index fluctuations are created, it is
convenient to adopt the Kolmogorov cascade theory of turbulence. Under the cascade
theory, energy from wind shear or convection enters the atmosphere causing wind
velocity to increase.

At the point in which a critical Reynolds number is exceeded,

atmospheric wind creates local unstable air masses, or "eddies." Inertial forces cause
large eddies to break up and transfer energy to smaller sized eddies until the turbulent
eddies disappear and the remaining energy is dissipated as heat. The outer scale of
turbulence, Lo, represents the scale size of the largest eddies~ while the inner scale of
turbulence, 10, represents the smallest eddies for which the energy in the cascade system
dissipates into heat. Eddies between the inner and outer scale sizes form the inertial
subrange.
Wind and temperature changes in the atmosphere occur at random.

Therefore, it

1s convenient to think of atmospheric turbulence behaving as a random process.
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Furthermore, the inertial subrange contains eddies that are assumed to be statistically
homogeneous and isotropic [2]. A statistically homogeneous field is a random field in
which its moments are invariant under spatial translation. An isotropic field is a random
field in which its moments are invariant under rotations. By using dimensional analysis,
Kolmogorov [5] derived the structure function for the velocity of a turbulent flow in the
inertial subrange,

lo< r < Lo,

(1)

where the angle brackets denote the ensemble average, v(r1) is the velocity vector at
point r1,

c; is the velocity structure constant, the scalar r is the magnitude of the vector

=r2 -

r 1 , and lo and Lo are the inner and outer scale sizes, respectively. For small-scale

r

sizes, r << 10, the structure function for the velocity of a turbulent flow is given by [2]

D v (r1, r2) --

c2z-¾
o r
v

2

, r <<lo.

(2)

By extending the Kolmogorov theory of structure functions given above to
temperature fluctuations, one can derive the structure function for the variations in the
index of refraction. Temperature changes cause changes in the index of refraction. The
index of refraction at a point r in space can be expressed by n(r) = 1 + n1(r), where n 1
represents the fluctuations in the index of refraction having zero mean, i.e. <n1(r)> = 0.
Since the fluctuations have zero mean, the covariance function of n(r) can be expressed
as

(3)
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which, for statistically homogeneous and isotropic random fields, is a function only of
scalar r.

The random field of refractive-index fluctuations in the inertial subrange is

statistically homogeneous and isotropic; hence the related structure function exhibits the
same asymptotic behavior as in equations (1) and (2), [2]:

(4)

where

C;

constant

C;

is the index structure constant.

Physically, the refractive-index structure

describes the strength of turbulence and has units of m-213 . For the purpose

of this study, it will be assumed that the refractive-index structure constant does not vary
along the propagation path.
A power spectrum model for refractive-index fluctuations can be derived from the
structure function. The structure function for the index of refraction, with covariance
function Bn(r), is given by [2]:

D n (r) = 2[Bn ( 0)- Bn (r)] .

(5)

For a statistically homogeneous and isotropic random field, the spatial power spectral
density is related to the covariance function,

(6)
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where

IC

= !Kl is the

scalar wave number and K is the vector spatial wave number. By

properties of the inverse Fourier transform, one sees that the refractive-index structure
function is related to the refractive-index power spectrum by [2]:

(7)

The inverse of equation (7) in terms of the derivatives of the structure function is given
by [I]:

(8)

The relationship in equation (8) will be used to derive power spectrum models using a
structure function that exhibits an arbitrary power law.

Several models of the spectrum for refractive-index fluctuations are useful for
various calculations.

Based on the inertial subrange 2/3-power law expression in

equation ( 4) for the structure function, the associated power spectral density for index of
refraction fluctuations over the inertial subrange is defined by:
(9)

Equation (9) is known as the Kolmogorov spectrum. At times it is useful or necessary to
consider a power spectrum model in which the outer scale is infinite and the inner scale is
very small. To extend the power law spectrum, equation (9), into the dissipation range
IC

> I/10 , the Tatarskii spectrum is used:
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(10)

where ,cm

= 5.92/10 .

If it is assumed the atmosphere is statistically homogeneous and

isotropic over all wave numbers, then the modified von Karman spectrum is used:

(11)

where

Km =

5.92/10 and

K0

= l/L0 .

Note that in the inertial subrange, both equations

(11) and (10) reduce to the Kolmogorov spectrum as defined by equation (9).

Theoretical models for the scintillation index are dependent on the strength of the
optical turbulence. Under the assumption of a Kolmogorov spectrum, the Rytov variance
for a plane wave or spherical wave that have propagated over a path of length L is given
by:
,.,.

2

vi

where k

1

= I · 23Cn2 k ¼L ·¼'

= 21r/)., is the wave number and A is the wave length of the laser.

(12)

Values of the

Rytov variance are used to determine the strength of turbulence, which is a combination
of the strength of refractive-index fluctuations, path length, and optical wavelength [2].
Under weak fluctuation theory the Rytov variance is less than unity.

Moderate

fluctuation conditions are characterized by the Rytov variance being on the order of
unity. If the Rytov variance is much larger than unity, then the mathematical models are
based on strong fluctuation theory.
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To determine the mean irradiance of a laser beam propagating through the
atmosphere, this paper will use the second-order field moment, or mutual coherence
function (MCF) defined by the ensemble average
(13)

where U is the optical field at point (r, L), * denotes the complex conjugate, r is a vector

in the transverse plane, and Lis the propagation distance. Under weak fluctuation theory,
the MCF is defined by Andrews and Phillips [2] as

(14)

where the term Uo{ri, Lp; (r2 , L) represents the optical field in free space and
< expll/f(r1 ,L)+l/f*(r2 ,L)j> represents the atmospheric turbulence on the beam. l/f(r, L)
is the total complex phase perturbation of the field due to random changes along the
propagation path. The MCF evaluated at the same observation points r 1 = r2 = r yields
the mean irradiance, or mean intensity, of the beam [2]. That is

(15)

where W0 is the initial spot size radius of the beam, W is the received beam radius,
a ; (r, L) describes the change in the mean irradiance profile in the transverse direction
caused by atmospheric turbulence, and T describes the atmospherically induced change in
the on-axis mean irradiance at the receiver plane. The quantities
defined in chapter 5.
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a;(r,L) and T will be

Another useful statistical quantity that can be derived from the second-order field
moment is the wave structure function (WSF). The wave structure function is used in the
computation of the scintillation index under strong fluctuation theory, and it can be used
to determine the spatial coherence radius of the propagating optical wave [2]. For the
purpose of this study, the WSF will be calculated for an unbounded plane wave and a
spherical wave. In the case of an unbounded plane wave, the WSF is given by [2] :
00

2

DP1 (p,L) = 8Jr k

2

Lf

1((t> n(KXl -

J0 (Kp}~fK,

(16)

0

where p is the spatial separation distance and J0 is a Bessel function of the first kind. In
the case of a spherical wave, the WSF is given by [2] :
l oo

2

2

Dsp (p,L) = 8Jr k L

ff

1((t>

n(K ]l -

J 0 (Kep)yiKde ,

(17)

0 0

where

e= 1 - zIL

is the normalized distance variable, and L is the total propagation

distance.

The scintillation index can be calculated from the general fourth-order crosscoherence function, defined by the ensemble average

which can be expressed in the form [2]

r4(rl ,r2,r3,r4,L) = Uo(rl ,r)u;(r2,LPo(r3,L)u;(r4,L)
x < exp[lf/(r1 ,L)+ 1,1/(r2 , L )+ lf/(r3 ,L )+ 11/ (r4 , L )]>

9

(19)

The second moment of the irradiance is defined to be the general fourth-order crosscoherence function evaluated at the same observation points r1 = r2 = r3 = r4 = r. The
scintillation index is defined to be the covariance function of irradiance evaluated at the
same point [2]:

(20)

Under weak fluctuation theory, the scintillation index for a laser beam
propagating through the atmosphere can be expressed as the sum of radial and
longitudinal components [2] :

a} (r,L) = 4a; (r,L)+o}, (L) ,

(21)

where

(22)

where we have introduced the nondimensional output beam parameters A = ~
kW 2 '
0

= 1+ FL

, and 0

=1-

0 , and F denotes the receiver plane phase front radius of

curvature. In the case of an unbounded plane wave, the beam parameters are defined to
be 0 = 1, A = 0 , and they are defined to be 0

10

=A =0

for a spherical wave. Equation

Note that when the power law is close to 3, the percentage beam spread due to
atmospheric turbulence is less than percentage beam spread for the classical power law,
a = I 1/3 . Also, the closer the power law is to 4, the more the beam will spread while

propagating through the atmosphere. Under weak fluctuation conditions, the power law
can also be considered a measurement of optical turbulence. The greater the power law
the more turbulent the atmosphere behaves, and the more the beam will spread due to
turbulence.

26

The development of a scintillation index model for any range of turbulent
conditions requires the use of an effective power spectral model. The effective power
spectral model behaves like a linear spatial filter, filtering out mid-range scale size effects
[3] . This model is based on the observation that only the smallest and the largest scale
sized eddies appear to contribute to the loss of spatial coherence of a propagating wave.
For simplicity, this research paper will ignore inner-scale and outer scale effects on the
scintillation index models. A filter function that acts as the effective power spectrum
model as defined by Andrews et al. is given by [3]:

<I> n,e (,c) = 0.033C~K-'½G(,c) ,

(26)

where the filter function is the sum of small and large scale filter functions,

(27)

In equation (27)

Kx

is the cutoff wave number for large scales and

number for small scales.

Ky

is the cutoff wave

In addition to the already known asymptotic behavior of

scintillation index in the asymptotic regimes, the frequencies

Kx

and

Ky

are also selected

on the basis of the their relationship to correlation width, Po, and scattering disk, L/kp0
which is given by [3]:

I

{JE/k,

Kx

L/kp0 ,

_I ~
KY

L/kp; << I,
L/kp; >> I,

{✓L/k, L/kp;
p0 ,

<< I ,

L/kp; >> 1.
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(28)

(29)

,

It is assumed that the normalized irradiance can be expressed as I= xy, where x
and y are statistically independent random quantities that have mean equal to unity. It is
also assumed that the x arises from large-scale turbulent eddy effects and the y arises
from small-scale turbulent eddy effects. Based on these assumptions, and by invoking a
modified R ytov approximation [3], the scintillation index is given by
(30)

where a~ x and a~ Y are called large-scale and small-scale log-irradiance vanances,
respectively, which will be defined in chapter 10.
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CHAPTER 3: SPECTRUM MODELS

In this chapter we will develop power spectrum models that describe nonKolmogorov atmospheric turbulence.

We also adopt the classical cascade theory of

turbulence and its notions of inner and outer scale sizes, lo and Lo respectively.
We assume that in an atmosphere exhibiting non-Kolmogorov turbulence the
structure function for the index of refraction is given by
(31)
where

fJ is the structure constant similar to C~ and r is the arbitrary power law. To find

the power spectrum associated with such a structure function, one can substitute equation
(31) into equation (8) and then evaluate the integral.
variable, a

= r + 3 , the

After making the change of

power spectrum associated with an arbitrary power law is ( see

Appendix A),
K>O ' 3<a<4,

where

/3 is

(32)

the structure constant and has units m3-a, a is the power law, and a(a) is a

function which maintains consistency between the index structure function and its power
spectrum defined by ([I], see Appendix A),

3 <a<4,

14

(33)

where f(x) is Euler's gamma function. The function a(a) can also be expressed as the
simpler expression (see Appendix A),

a(a) = ~f(a-l)co{aJr),
47!

2

3 < a< 4.

(34)

The function a( a) is plotted in Figure 1. Equation (32) reduces to the Kolmogorov power
spectrum when a

= 11/3 .

As shown in the graph, when the power law approaches 3, the

consistency function approaches zero. Thus, the refractive-index power spectral density
vanishes as a ➔ 3 , which suggests the absence of optical turbulence.

0.05

0.04

~
a,

0.03

0.02

0.01

o~ - ~ - ~ - - ~ - ~ - - ~ - ~ - ~ - - ~ - ~ - ~
3

3.1

3.2

3.3

3.4

3.5
Cl

Figure 1: The consistency function a( a)
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Equation (32) is defined to be a generalized Kolmogorov power spectrum, which
unfortunately is not valid for all wave numbers. This spectrum model has a singularity at
K = O.

To extend the structure function to small values of r, we need to use a slightly
modified spectrum model. We define the generalized Tatarskii spectrum,

where

Km

= m(a)//0

and m( a) is a function which maintains the consistency between the

quadratic power law form of the structure function as noted in equation (2). The constant
m( a) is given by (see Appendix B)
I

[ (5-a)a(a)Ja-5 ,

m(a) = f 7r•r -

2

-

3 < a. < 4.

(36)

The value of m( a) is 5.92 for a = 11/3 . The asymptotic behavior of the refractive index
structure function can then be found by substituting the generalized Tatarskii spectrum,
equation (35), into equation (7), which leads to (see Appendix B):

(37)

where alpha is restricted to 3 < a. < 4 . Equation (3 7) reaffirms the original assumption
that the structure function expresses an arbitrary power law (recall that

a =r + 3 ).

Since

the arbitrary power law is valid for / 0 << r << L0 , the related generalized Kolmogorov
spectrum model is valid for wave numbers in the inertial subrange,

16

I/L0

<< K < <

1/I

O

.

It will be advantageous for future calculations if we define a generalized spectral
model that is valid for all wave numbers. Based on the generalized Kolmogorov power
spectrum, we define the generalized von Karman spectrum:

K

> 0, 3 <a< 4,

(38)

where ,cm =m(a)/10 , m(a) is equation (36), and we have introduced the outer scale-size
cutoff parameter, ,cO

= 1/L0 .
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Figure 2: Generalized von Karman spectrum model.

In Figure 2, the generalized von Karman spectrum is illustrated over a range of
wave numbers, showing the effects of changes in the power law, a, from the classical
Kolmogorov power law, a = 11/3 . We assume that the inner scale size is 1 cm and the
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outer scale size is 10 m, which essentially cuts off the values of the spectrum at high
wave numbers

(K > 1//0 )

and at low wave numbers

18

(K < 1/L0 ) .

CHAPTER 4: RYTOV VARIANCE

As a laser beam propagates through the atmosphere, index of refraction induced
turbulence causes random fluctuations in the irradiance of the beam.

Under the

assumption of a Kolmogorov spectrum, the Rytov variance, equation (12), is a
measurement of the strength of turbulence. The Rytov variance physically represents the
irradiance fluctuations associated with an unbounded plane wave [2].
The normalized irradiance variance for a plane wave is given by [2]:

(39)

where k is the optical wave number related to the optical wavelength A by k
is the propagation distance along path z, and

= (2n/ A), L

<; is the normalized distance variable defined

by<; = 1 - z / L . Because of its relationship to scintillation index under weak fluctuation
theory, equation (39) is sometimes referred to as the log-irradiance variance. To find the
log-irradiance variance based on non-Kolmogorov atmospheric turbulence, we substitute
the generalized von Karman spectrum, equation (38), into equation (39). We make the
natural assumption that inner scale is much smaller than the outer scale size, which leads
to TCt /TC! << 1 . Then the generalized irradiance variance for a plane wave can be given
by the expression (see Appendix C):

2

2(L) a, (L,a)[(l
· (a -1Q)
aQ'-%
]'
a l ,a = . (
) + Q-2)1
m
Slll 2 tan
m - 2
m
sm aJl/ 4
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(40)

.
duced t he non- d.1mens1ona
. 1 parameter Q m -where we have mtro

LkK;,,

,

Km

I )/1 ,
= m,a
O

m(a) is defined by equation (36), and o-12 (L, a )is the generalized Rytov vanance.

Equation (40) is dependent on inner scale-size.
For a generalized Kolmogorov spectrum, equation (40) reduces to an expression
that is independent of inner scale size (see Appendix C),

(41)
where b( a) is a function defined by

(42)

We define equation (41) to be the generalized Rytov variance. Note that equation (41)
reduces to the Rytov variance, equation (12), for the power law a= 11/3.

The

generalized Rytov variance is a measurement of the strength of atmospheric turbulence,
which involves a combination of the strength of refractive-index fluctuations, path length,
and optical wavelength.
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Figure 3: Generalized Rytov variance constant.
Figure 3 illustrates how the function b(a) changes with respect to the power law.

As the power law approaches 3, the consistency function b(a) approaches zero. Thus, in
this situation, the generalized Rytov variance essentially vanishes. Recall that the Rytov
variance is a measurement of the strength of atmospheric turbulence. Therefore, when the
non-Kolmogorov atmospheric turbulence exhibits a power law behavior that is close to 3,
the optical turbulence that affects optical wave propagation is essentially negligible.

21

CHAPTER 5: MEAN IRRADIANCE

As a laser beam propagates along a path, the index of refraction fluctuations cause

loss of spatial coherence of the wave field. One can use the mean irradiance of the field,
equation (15), to calculate any additional beam spread due to turbulence. In this chapter
we will develop a model for the mean irradiance based on non-Kolmogorov atmospheric
turbulence.
The change in the mean irradiance profile in the transverse direction caused by
atmospheric turbulence is given by [2]:

(43)

where k is the optical wave number related to the optical wavelength A by k
is the propagation distance along path z, and

= (21r/ J), L

t; is the normalized distance variable defined

by t; = 1 - z/ L , A is the nondimensional output beam parameter related to the beam
radius, W, by A=

2
L
kW 2

,

and / 0 is a modified Bessel function of the first kind [4].

Equation ( 43) is also referred to as the radial component of the scintillation index under
weak fluctuation theory.
To derive generalized radial component, equation (43), we first assume the
atmospheric turbulence is non-Kolmogorov. We substitute the generalized Kolmogorov
spectrum model, equation (32), into equation (43), which leads to (see Appendix D):
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(44)

where a 12(a,L) is the generalized Rytov vanance defined by equation (41) and
1

F; (a; c; z) is a confluent hypergeometric function of the first kind [4]. If we assume the

separation distance is smaller than the beam radius, i.e. r < W, then the generalized
expression for the radial component of the scintillation index, equation ( 44), can be
approximated by (see Appendix D):
2
2(
)
2(
)
a(a-2)
~1
r
ar r,L,a ~ (
~ . (=)·a1 L,a iA.
2 , r < W, 3 < ex < 4.
2

-

a - 1 sm -4

W

(45)

Atmospheric turbulence also induces a change in the on-axis mean irradiance at
the receiver plane, represented by quantity T in equation (15). This quantity can be
defined by a linear combination of the complex phase quantities [2],

(46)
where

(47)

(48)

We assume the index of refraction power spectrum is modeled by the generalized von
Karman spectrum, equation (38), to develop the generalized quantity T We then assume
that the inner scale approaches zero to obtain a quantity T that is based on the generalized
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Kolmogorov spectrum model for refractive-index fluctuations. Thus, for a generalized
Kolmogorv spectrum, the quantity T is given by the expression ( see Appendix E):

(49)

We can now express the radial component of the mean irradiance fluctuations in
terms of the generalized quantity T. Substituting equation (49) into equation (44) leads to

3 < a. < 4 ,

(50)

and hence the mean irradiance can be rewritten by substituting equation (50) into
equation ( 15). Thus,

If we assume the separation distance is smaller than the beam radius, i.e. r < W , then the

confluent hypergeometric function in equation ( 51) can be replaced with its small
argument approximation (see Identity #9). If we make this assumption and also use the
approximations

exp(- r)

=1/(1 + r)

and

1- (½ - l)T

=1/[1 + (½ -l)T],

then mean

intensity can be approximated by

r < W, 3 < a. < 4 ,

(52)

where Tis a function of a. and is defined by equation (49). The closer the power law is to
4, the better the mean irradiance can be approximated by the Gaussian function [2]:
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W,2

<l(r,L)>= W02 exp(-2r

2

/we

2

(53)

),

e

where We is a measure of the effective beam spot size given by

(54)

w
w

_e, we can calculate the percentage beam spread for the

By, using the ratio,

Gaussian beam. To calculate the percentage beam spread, we use the relationships for a
collimated beam [I]: A=

2

Ao and A0 = L 2
l+A~
kW0

where Wo is the beam radius at the

,

transmitter. Figure 4 illustrates the percentage beam spread for various power laws. For
the plot, we used the following values: W0 = 2 cm, L

= 1000 m, ,1, = 1.55 µm .
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Note that when the power law is close to 3, the percentage beam spread due to
atmospheric turbulence is less than percentage beam spread for the classical power law,
a = I 1/3 . Also, the closer the power law is to 4, the more the beam will spread while

propagating through the atmosphere. Under weak fluctuation conditions, the power law
can also be considered a measurement of optical turbulence. The greater the power law
the more turbulent the atmosphere behaves, and the more the beam will spread due to
turbulence.
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CHAPTER 6: WAVE STRUCTURE FUNCTION

In this chapter we will calculate the wave structure function (WSF) for an

unbounded plane wave and a spherical wave under the assumption of a power spectrum
that obeys an arbitrary power law. The WSF for a plane wave and spherical wave is
given by equations (16) and (17) respectively. Each generalized WSF will then be
approximated to find asymptotic behavior for very small and very large separation
distance with respect to the inner scale size.
We find a generalized WSF for an unbounded plane wave by assuming the power
spectrum model is the generalized von

Karman spectrum, equation (38), which has inner

scale-size that is assumed to be much less then the outer scale-size, 10 << L

0

.

We

substitute equation (38) into (16), which leads to (see Appendix G):

(55)

where 3 < a < 4, pis the spatial separation distance, Lis the propagation distance, a(a.) is
the consistency function defined by equation (34),
defined by equation (36),

KO

= 1/L0 ,

Km

= m(a )/10 , m(a.) is the function

lo and Lo are the inner and outer scale parameters,

and I F; (a;c;z) is a confluent hypergeometric function.
Equation (55) can be approximated for very small separation distances, p << 10 ,
and for relatively large separation distances, p >> 10 , by using the small argument
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approximation and the large argument approximation for the confluent hypergeometric
function respectively (see Identity #9).

For very small separation distances the

generalized plane WSF is given by (see Appendix G):

where b(a) is the generalized Rytov variance constant function, equation (42), and we
have introduced the function c(a) for mathematical simplicity, which is given by:

(57)

For relatively large separation distances, p >> 10 , the generalized plane WSF is given by
(see Appendix G):

where we have introduced the function d( a) for mathematical simplicity, which is given
by:

d(a) - __
a--,--,-

z a-1.

3 < a < 4.

r(½) ,

(59)

Similarly, we find an arbitrary WSF for a spherical wave by again assuming the
power spectrum model for refractive-index fluctuations is the generalized von Karman
spectrum, equation (38).

We substitute equation (38) into (17), which leads to (see

Appendix H):
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(60)

where 2 F 2 (a, b; c, d ; z) is a generalized hypergeometric function [4]. The spherical WSF
is mathematically very similar to the plane WSF, equation (56).

For very small

separation distances, p << 10 , the approximation of the spherical WSF is directly related
to the small argument approximation to the plane WSF (see Appendix H):

Dsp (p, L,a)

=-31 ·D

P1

(61)

(p, L,a) ,

where D pz(p, L, a) is the small argument approximation of the plane WSF defined by
equation (56). For relatively large separation distances, p >> 10 , the arbitrary spherical
WSF can be approximated by (see Appendix H):

D (
sp

L

) ::::

p , ,a -

d(a) ·b(a)

(a - l)sin(aJr/4)

/Jk 2 L

a-z{l- 3d(a)r(-¾X4
(a - 1XK p)
p
- aXa - 2)
4

0

-a

}

(

62)

where we have retained the function d(a) ,equation (59), so a mathematical comparison
can be made with the large argument approximation for the plane WSF, equation (58).
With the absence of outer scale size, i.e.
plane WSF by an extra

(a - 1)

K0 ➔

term appearing

Stribling, et al., use Mellin transforms

0 , the spherical WSF differs from the

in the denominator of the spherical WSF.

in their analysis and obtain similar results for the

plane and spherical WSF [I]. The wave structure functions can be used to determine the
coherence radius of an optical wave, which is discussed in the following chapter.
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CHAPTER 7: SPATIAL COHERENCE RADIUS

As an optical wave travels through the atmosphere, random index of refraction
fluctuations cause portions wave to speed up or slow down.

As a result of this

turbulence, the spatially coherent portion of the optical wave diminishes in size. The loss
of spatial coherence of the wave fields has important consequences on the behavior of the
wave at the receiver. The spatial coherence radius p0 of an optical wave is defined by the
e- 1 point of the modulus of the complex degree of coherence, which is given by [2]:

(63)
where D(r1, r2, L) is a wave structure function (see Chapter 6). For this paper, our
concern is the case of evaluating the WSF at a fixed separation distance, r 1
this corresponds to solving

= - r2 •

Hence,

D(p0 , L) = 2 .

In this study, we will only calculate the spatial coherence radius of an unbounded
plane wave. The generalized wave structure function of an unbounded plane wave is
given by equation (55). In addition, we will consider the asymptotic regimes when the
spatial coherence radius is either much smaller or much larger than the inner-scale size.
First, we examine the case when the spatial coherence radius is much smaller than
the inner-scale size, p 0 << / 0 . In the absence of the outer-scale size (i.e. L 0

➔ oo ) ,

generalized plane wave structure function is given by (see Appendix G):

c{a)-b{a)/Jk2Lla
-4P 2
D (P L a ) -- ~--'---~+0
pl
'
'
sin (an/ 4)
'
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3 < a < 4 , Po << I o ,

(64)

the

where we use the constants b(a), equation (42), and c(a), equation (57). Thus, when

Dpt (p0 , L, a) = 2, the generalized spatial coherence length is calculated to be

la)=[ c(a)·b(a) nk2Lr
0
Po"v.
2· sin(an/ 4)/J'

4]-½

3 <a<4,

(65)

'

Only the inner-scale size and a constant term in the generalized spatial coherence radius
are affected by changes in the power law in this regime.
Now consider the case when the spatial coherence radius is much larger than the
inner-scale size, Po >> I0 .

In the absence of the outer-scale size (i.e. L 0

➔ oo ),

the

generalized plane wave structure function is given by (see Appendix G):

D (
pl

La)= d(a)-b(a) 11/c 2L a - 2 3 <a< 4
. (a1r/4) /J'
p
'
'
sm

p' '

Po>> I0 ,

(66)

where we have used the constant d(a), equation (59). Then, by setting DP1 (p0 ,L,a)= 2,
the generalized spatial coherence length is calculated to be

For the development of a generalized scintillation model that is valid in both weak
and moderate-to-strong turbulence, it is necessary to develop an analytical expression for
the parameter

L/kp; .

The parameter,

L/kp; , can also be used as a measure of the

strength of irradiance fluctuations, and is directly related to the generalized Rytov
variance, equation ( 41 ). [2,3]. To derive the analytical expression that is valid for non-
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Kolmogorov atmospheric turbulence, we first rewrite the spatial coherence radius of a
plane wave, equation (67), in terms of the generalized Rytov variance:

Then, after squanng both sides of the above equation and solving for the desired
parameter, we find

3 < a < 4,

lo= 0.

(69)

Equation (69) is an arbitrary measurement of the strength of irradiance fluctuations based
on the generalized Kolmogorov spectrum, equation (32). In the case of the classical
Kolmogorov power law, a= 11/3, equation (69) reduces to the classical relationship,
q

{ 2 )6/5
= L / kp02 = 1.221\0'
.
1
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CHAPTER 8: SCINTILLATION INDEX (WEAK FLUCTUATION)

In this chapter we will develop a scintillation index model for an optical wave as

it propagates through an atmosphere experiencing non-Kolmogorov turbulence. When
the propagation distance is relatively short or near the ground, then the turbulent
conditions are relatively weak, i.e. the generalized Rytov variance is less than one,
o-12 (a, L) < l.

The scintillation index as given by equation (21) for weak fluctuation

theory is derived under the assumption that the log-amplitude variance is sufficiently
small, which is generally true in the weak fluctuation regime.
The atmospherically induced complex phase perturbation is given by [2] :

x(r, L) = ½lf//(r, L) + f//. (r,L)j,
where

f//(r,L) = f//1 (r, L)+ f// 2 (r,L)

included

both

(70)
first-order

and

second-order

perturbations. Then, the log-amplitude variance is defined by [2]:
(71)
The scintillation index, equation (21), is related to the log-amplitude variance by [2] :
(72)

where we have assumed that the log-amplitude variance is sufficiently small

(a: << 1).

Under this condition, the scintillation index can be expressed as the sum of a radial
component, equation (22), and a longitudinal component, equation (23).
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The generalized radial component of the scintillation index,

a;(r, L), has already

been calculated based on a generalized Kolmogorov power spectrum (see Chapter 5).
The general form for an arbitrary power law, a, is given by (see Appendix D):

(73)

where a 12 (a, L) is the generalized Rytov variance defined by equation (41 ),

1

Pi (a; c; z)

is a confluent hypergeometric function of the first kind, and A is the nondimensional
output beam parameter that is related to the beam radius, W, by A =

2
L
kW 2

.

The generalized, longitudinal component of the scintillation index,

a;., (L) , is

calculated by assuming the generalized Kolmogorov power spectrum, equation (32),
substituting it into equation (23), and evaluating the interval. This leads to (see Appendix
F):

2

a I ,I

(L

'a

)

= a12
. (L,a
( ))Re[ I·f-1 2 F.I (1 sm =./4

a

a

·I + 2a '. 0"' + I·A) - ( a
2a-

2' 2 '

where Re[x] denotes the real part of x, 0

=1+ -L ,
F

receiver plane phase front radius of curvature, and

-

and 0

2

= 1-

I

)

Af-1] '

(74)

0 , F denotes the

Pi (a,b; c;z) is

a hypergeometric

function of Gauss [4].
Thus, under weak fluctuation theory, the scintillation index for an arbitrary power
law is given by

a ; (r,L,a) = 4·a ; (r,L,a)+aJ,,(L,a),
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3 < a < 4,

(75)

where the radial component is given by equation (73) and the longitudinal component is
given by equation (74). In the limiting case of a plane wave
wave (0

= A = 0),

(0 = 1, A = 0) or a spherical

the radial component (73) vanishes, and the longitudinal component

(74) reduces, respectively, to the results (see Appendix F):

a;(L,a) = a12 (L,a)

(plane wave),

a;(L,a)= ~ B(~, ~):r12 (L,a)

(spherical wave),

(76)
(77)

where B(x,y) is the beta function, called the eulerian integral of the first kind [4].
Equations (76) and (77) will be used in the development of a scintillation index model
that is valid under all fluctuation conditions.

0

:z
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CHAPTER 9: SCINTILLATION INDEX (STRONG FLUCTUATION)

In this chapter the scintillation index will be calculated for an unbounded plane
wave and a spherical wave propagating through the atmosphere experiencing nonIt is assumed that the optical wave is experiencing strong

Kolmogorov turbulence.

turbulence, i.e. the Rytov variance is greater than one,

at > 1.

We use the scintillation model given by equation (24) and assume the power
spectrum is the generalized Kolmogorov spectrum, equation (32).

Hence, we are

assummg that the inner scale size is much less than the spatial separation distance,
/

0

<< p.

We can therefore use the generalized WSF derived in chapter 6 for the

relatively large separation distance, equation (58). We substitute equation (32) into (24)
and evaluate the integral to obtain ( see Appendix I):

(78)

where we have defined the function/( a) to be given by
8

J(a)=

2-[d(a)J--{~]

r(6-a)[sin(a7!)]( ;~;)
(a - 2Xa - 3)r(- '½) a-2
4
x 2 F;

6-a
a-2) ,
--,a-3;a-2;-(a - 2
a-1

(79)

where we have used the constant d(a), equation ( 59), simply for mathematical
convenience. The function/(a) equals approximately 0.86 for a= 11/3, which concurs
with the results obtained by Andrews et al. [2,3].
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By similar analysis for a spherical wave, it is shown that (see Appendix J):

(80)

where g(_ a) is a function defined by

( )-2·r(~ )B(a)r(-3,a) -3)[a-()- lJ(:~:)[. (aK)](

8

ga -

(

a-2

-½_

sm -

d a

4

;~; )

,3<a<4.

(81)

The function g(_a) equals approximately 2.73 for a= 11/3, which concurs with the results
obtained by Andrews et al. [2,3]. Figure 5 is a plot of the spherical wave scintillation
constant g(_a) over a small range of the power law.
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Figure 5: Spherical wave scintillation constant g( a).
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3.8

3.9

4

As a ➔ 3 the function gets very large, g(a) ➔ oo , which is a consequence of the
beta function in equation (81 ). Thus, for power laws close to 3, the scintillation index has
an undetermined form (recall that as

a ➔ 4,

a ➔ 3, the Rytov variance constant b(a) ➔ O).

As

the constant function for the spherical wave approaches zero, g(a) ➔ O. When

the atmospheric turbulence exhibits a power law behavior that is close to 4, the
scintillation index, based on asymptotic theory, is essentially unity, which is what we
anticipate to happen in the saturation regime. Although it is not plotted in this paper, the
function .I(a), equation (79), behaves generally the same as the function g( a). The plane
wave scintillation constant has values that are less than the spherical wave scintillation
constant.

-
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CHAPTER 10: GENERALIZED SCINTILLATION INDEX

In this chapter a scintillation index model will be derived for an unbounded plane
and a spherical wave. The model will be valid over all fluctuation regimes. It will agree
with the asymptotic behavior of the scintillation index that has been previously developed
for weak and strong fluctuation conditions (see chapters 8 and 9, respectively).

We

assume that the atmospheric turbulence is non-Kolmogorov for which the structure
function obeys an arbitrary power law.
The effective power spectrum model is based on the same power law, a, that has
been derived for the generalized Kolmogorov spectrum model, equation (32). As a wave
propagates through the atmosphere, refraction and diffraction causes the phase portion of
the wave to become distorted. It is hypothesized that the only the largest and smallest
scale sizes contribute to the refraction and diffraction of the traveling wave [3]. Thus, we
utilize a spectrum model that will essentially filter out the wave numbers that do not
contribute to scintillation,
3 < a< 4,

where

/3

3

is the structure constant and has units m

-a,

(82)

a is the power law, a(a) is a

consistency function previously defined by equation (34). The filter function G(K,a.) is
chosen as the sum of the large-scale and small-scale filter functions,

(83)

where the large-scale and small-scale filters are defined, respectively, by:
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(84)

(85)

The mid-range scale size effects under moderate-to-strong fluctuations are eliminated by
the large-scale and small-scale cutoff spatial frequencies,

Kx

and

Ky.

These frequencies

will be determined based on their known asymptotic behavior previously expressed in
equations (28) and (29).
The scintillation model developed in this chapter is based on the modified R ytov
theory discussed in chapter 2. Under the weak fluctuation theory, the scintillation index
is approximately the log-irradiance variance, equation (21 ), which in the limiting case of
an unbounded plane wave and a spherical wave reduces to the longitudinal component of
the scintillation index, equation (23). In the limiting case of a plane wave or a spherical
wave, the log-irradiance variance, can be reduced, respectively, to the expressions,

2

2

H ,(K,a{l-cot;z)]dKdz,

2

2

[l@ ..,(K,a~l-co{:

a!,

= 8,r k

a!,

= 8,r k

l«I> •.

{1-

~)]rKdz,

(86)

(87)

where <I> n,e (K, a) is the effective, spatial power spectrum of refractive-index fluctuations.
Under the assumption that the x arises from large-scale turbulent eddy effects and y arises
from small-scale eddy effects, the scintillation index is given by [3]:
(88)
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where the large-scale and small-scale log-irradiance variance scintillations are defined by
substituting the effective power spectrum, equation (82), into equation (86) for a plane
wave, and equation (87) for a spherical wave.

In the case of an unbounded plane wave, the large-scale log-irradiance variance
can be given by (see Appendix K):

3<

where

a12 (a)

a <4

'

(89)

is the generalized Rytov variance, equation (41), and the function

J(a)

-

,::;
...,..,

arises from the strong fluctuation theory, defined by equation (79). The small-scale logirradiance variance can be given by (see Appendix L):
2

a!y (a)=

(o.s1)a1 (a)
{ I + [ (~n5;)

f'

a-2 '

3<

a<4.

(90)

[ai' (a )Jr.¾ }-2

-

By substituting equations (89) and (90) into equation (88) we construct a scintillation
index model that is valid under all irradiance fluctuation conditions.
weak fluctuations,

at (a) < I ,

Note that under

the scintillation index for a plane wave reduces to the

asymptotic result obtained in chapters 4 and 8,

a; (a) =exp(0.49at (a)+ 0.5Iat (a ))- 1
(91)
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The scaling constants in Appendixes K and L are arbitrarily chosen so that the large-scale
and small-scale log-irradiance variances account for

0.49

and

0.51

times the Rytov

variance, respectively, in the weak fluctuation limit.
Also, in the saturation regime,

a 12 (a) ➔ oo, the scintillation index for a plane

wave follows the asymptotic theory approximation discussed in chapter 9,

(92)

In the case of a spherical wave, the large-scale log-irradiance variance can be
given by ( see Appendix M):
2

cr!Ja) =

(0.49Xa/2)B(a/2,a/2)o-1 (a)

~i'(a)~}-

6-a '

3 <a< 4,

(93)

2

l +[(0.49)(a;2)B(a/2,a/2)] .',,
2 · g(a)
{

where B(x,y) is a beta function, cr12 (a) is the generalized Rytov variance, and the
function

g(a)

arises from the strong fluctuation theory, defined by equation (81). The

small-scale log-irradiance variance for a spherical wave can be given by (see Appendix

N):

cr!Y(a) =

(o.s1Xa/2)B(a/2,a/2)cr[(a)

f

{ 1+ [ (0 5 Il(a/2?i(a/2, a/2

a-2 '
2
2

42

[o-i' (a)~ }-

3 < a<4.

(94)

-

By substituting equations (93) and (94) into equation (88) we have a scintillation index
model for a spherical wave that is valid under all irradiance fluctuation conditions. Note
that under weak fluctuations,

a12 (a) < 1 , the scintillation index for a spherical wave

reduces to the asymptotic result obtained in Chapters 8,

a;{a) = exp(0.49(})B(~, ~ }7-t (a) + 0.51(~)8(~, ~},-t {a ))-1
= (t }B(~, ~ )J-12 (a) ,

a12 (a) << 1.

(95)

As in the plane wave case, the scaling constants in Appendixes M and N are arbitrarily
chosen so that the large-scale and small-scale log-irradiance variances account for 0.49
and 0.51 times the Rytov variance, respectively, in the weak fluctuation limit.
Also, in the saturation regime,

a12 (a) ➔ oo , the scintillation index for a spherical

wave follows the asymptotic theory approximation discussed in chapter 9,

(96)

Figure 6 illustrates the scintillation index for a spherical wave with several values of the
power law. For the plot, we let the square root of the general Rytov variance vary from 0
to 20. The choice in power law has its greatest affect on scintillation in the focusing
regime, that is when the optical wave is experiencing moderate-to-strong fluctuation
conditions. Also, in strong fluctuation conditions, the less the power law, the faster the
scintillation index saturates to unity.
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Figure 6: Spherical Wave Scintillation Index
In weak fluctuation conditions, when the Rytov variance is less than unity, the greater the
power law the less the value of the scintillation index. Recall that in weak fluctuation
conditions, the choice in power law also has an affect on mean irradiance, and
consequently, the percentage beam spread; the greater the power law the greater beam
spread.

Also, recall that the scintillation index is the ratio of the second moment of

irradiance fluctuations to the square of the mean irradiance, see equation (20). When the
denominator grows faster than the numerator, which appears to happen in weak
fluctuation conditions with an increase in power law, the scintillation index is reduced.
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CHAPTER 11: CONCLUSION AND DISCUSSION

The primary focus of this paper is to observe how the power law behavior of the
structure function affects the propagation of optical waves through atmospheric
turbulence.

In chapter 3 several generalized spectrum models of refractive-index

fluctuations are derived based on a structure function experiencing an arbitrary power
law. Using these generalized spectrum models, several generalized, statistical quantities
are derived.
Under weak fluctuation conditions, we found that the power law has an effect on
the amount of additional beam spreading due to turbulence. Typically, the greater the
power law, the more a beam will spread due to turbulence.

In the generalized

scintillation index model for a spherical wave, we notice that the power law's influence
on the value of the scintillation index is also dependent on the strength of turbulence. In
weak fluctuation conditions, the scintillation index is increased for power laws that are
less than the standard Kolmogorov power law, i.e. 3 <a< 11/3, and it is decreased for
power laws that are greater than the standard power law, 11/3 <a< 4. We notice that
the choice in power law has its greatest effect on scintillation in the moderate-to-strong
fluctuation regime, in which the less the power law the greater the spike in scintillation
index.

Finally, we note that in the saturation regime, the power law has the opposite

effect on the scintillation index value. That is, the scintillation index value approaches
unity faster for smaller power laws, 3 < a < 11/3 , than it does for larger power laws,
11/3 <a< 4.
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This study has focused on the development of analytical models for mean
irradiance, wave structure functions, spatial coherence radius, and the scintillation index
for optical waves propagating through non-Kolmogorov atmospheric turbulence.
Although they are used in several of the calculations, for the most part, the effects of
inner and outer scale size have been neglected.

If desired, analytical models can be

derived that account for inner and outer scale-size effects. A suggested follow up to this
thesis is to investigate how changes in the structure function's power law affect aperture
averaging, which is the decrease in scintillation with increasing telescope collecting area.
Also, in the saturation regime, one could investigate how the mean irradiance is affected
by non-Kolmogorov atmospheric turbulence.

::a

-

46

APPENDIX A: ARBITRARY POWER SPECTRUM

' "I

I

!ii'

For an arbitrary power law, the arbitrary structure function is given by:
(Al)
and the power spectrum is found by equation (8):

(A2)

Then, after differentiating and rearranging terms, substituting equation (Al) into (A2)
gives,

(A3)

...
To evaluate the above integral we need to invoke the restrictions K > 0 and O < y < 1. By
doing so we can evaluate the integral using integral Identity # 1. Evaluating the integral
with respect to r yields

(A4)

Now we can follow two paths to simplify equation (A4). If we start out by using
the recursion formula property of the gamma function, see Identity #2, equation (A4) can
be rewritten in the form

<I> J,c) =

4:2r(r + 2)sin( r; )/J(z),c-(r+J).
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(A5)

By making a change of variable substitution, letting a

=

y

+ 3, the power spectrum

becomes,

On a different approach, if we first make the change of variable, letting a = y + 3,
and substitute directly into equation (A4), then it can be rewritten in the form

By using Identity #3 and the multiplication formula for the gamma function, Identity #4,
we note that, after some simplification,

3). ( (a-3)J = ½ ._.1TJJ.

r(a _

sm

Jr

2

Jr

2

(

5-a

(A8)

r -2

Then, substituting equation (A8) into (A7), the power spectrum becomes,

(A9)

Equations (A6) and (A9) are different forms of the same power spectrum. Equation (A9)
agrees with the result obtained by Stribling, Welsh, and Roggermann [l].
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APPENDIX B: GENERAL STRUCTURE FUNCTION

..

From equation (7) the index structure function is given by

(Bl)

where the power spectrum is defined by equation (34), visually:

(B2)

a(a) is defined by equation (33),

Km

= m/!

0 ,

lo is inner scale parameter, and mis constant

yet to be defined. Inserting equation (B2) into (B 1) yields

(B3)
I'

To evaluate the above integral we must replace the sine function with its
Maclaurian series representation, Identity #5, and assume that we can interchange the
order of integration and summation. Then, after the above substitution and assumption,
equation (B3) becomes

D n (r) = 8Jr · a(a )p(z

Iy+1 7
)L (-(2n+l).
f
I
oo

2 n oo

K

0

n= I

2

n+

2

(

-a

K2)dK .

exp - -

2

(B4)

Km

Now, to evaluate the remaining integral we will use substitution. For the integral:

(BS)

K

2

Let f = 2 ,
Km

1
2

2

WK = - Km dt.

Then,
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.,,

Since n

~

1 and 3 < a < 4, we note that n +

i2 _a2 > 0

and thus using Identity #6 the
'
'

integral in equation (B6) is a gamma function, visually:

1 2n+3-ar( a -3)

I -- -2Km

n--2
.

(B7)

Inserting equation (B7) into (B4) and rearranging terms yields

(B8)

Introducing Pochhammer notation by the use of Identity #7 and Identity #8, allows us to

. ,.

rewrite the summation as a confluent hypergeometric function of the first kind:

=

2 r(S-a)[
F.(- (a-3).
1_._ r4K~)-i].
(a - 3)
2
2 ,
2

I

2

I

(B9)

,

Thus, after inserting equation (B9) into (B8), the index structure function has the form
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To find the asymptotic behavior of the index structure function, equation (B 10),
we will first consider separation distances that are much smaller than the inner scale of
turbulence, r << lo.

In this case the small argument approximation for the confluent

hypergeometric function, Identity #9, reduces the structure function and is given by

( a-3J(r~J- 1 .
2

(r) ~

D
n

S7i

(a - 3)

r(

5 - a Ja(a),n(z)lt( 3- a 1- - - 22
/J
m
3/2

2

K

(Bll)

After simplification and substituting for Km = m I 10, we see that

(Bl2)

Now we can define the constant m by requiring that

f ,r •

r( ;a }(a>,,'·•
5

equals

unity. Thus, the constant m is actually a function of a and is given by
I

[ (-5-aJa(a)Ja-5,

m(a) = f.7i· f

2

-

3 < a. < 4.

(B13)

Hence, for very small separation distances the index structure function can be
approximated by

(Bl4)
To find the asymptotic behavior of the index structure function, equation (B 10),
we will now consider separation distances that are much greater than the inner scale of
turbulence and much smaller than the outer scale of turbulence, lo<< r << Lo. In this case
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the large argument approximation for the confluent hypergeometric function, Identity #9,
yields a structure function of the form

Equation (B 15) can be simplified by using the Recursion Formula for the gamma
function (Identity #2), substituting equation (33) for a(a), and evaluating

r(½) = 7!½.

After the above simplifications, the index structure function can be approximated by
lo<< r <<Lo.

(B16)

1

'.

'"'

'

::1'>a
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APPENDIX C: RYTOV VARIANCE

The normalized irradiance variance for a plane wave is given by

(Cl)

where the power spectrum is defined as

<l>" (K) = a(a )P(z

)exv(-:; )(..-' +Kif~ , > 0, 3<a< 4,
,c

a(a) is defined by equation (34), m(a) is defined by equation (B13),
K0

= 1/L0

,

(C2)

Km=m(a)/1

0

,

and lo and Lo are the inner and outer scale parameters, respectively. After

substituting equation (C2) into (Cl) and using the identity cos(x)= Re[exp(-ix)], the
normalized irradiance variance becomes

a; (L) = 81r a{a )k
2

2

..
L

xRe{1p(z)[(K' +Ki r~exp(- :; )[i- exp(- iL;' t)},frd?} (CJ)
The inner integral m equation (C3) can be written as the difference of two
integrals, fJ - h, where

(C4)

and

(CS)
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To evaluate the first integral we use substitution. Let t =

K/K
2

2

0 '

,aix = l2 K 02 dt ·

Then,

(C6)

The above integral is recognized to be a confluent hypergeometric function of the second
kind (Identity #10):

(C7)

Since the inner scale is much smaller than the outer scale size,

K;/K;, << 1.

Thus we can

use the small argument approximation for the confluent hypergeometric function,
(Identity # 11):

(C8)

Equation (C8) can be simplified by using the Recursion Formula for the gamma function,
(Identity #2):

(C9)

By inserting equation (C9) into (C7) the first inner integral yields:

(ClO)
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The second integral can be evaluated in a similar fashion. Let Qm

12

2

k .Then,

= LK

K o2-a
a ( a J 2-a
.
L 1
=---r
-K
(1+,Q J:)C )
a- 2 4
2 m
m'=>
•

(Cll)

The difference of the two integrals eliminates the outer scale parameter and, after
grouping like terms, is given by

(Cl2)
Substituting equation (Cl2) into (C3) for the inner integral yields

To perform the integration we assume that P(z) is constant along the path of propagation.
Also, in terms of Qm, the normalized irradiance variance is then given by

The evaluation of the integral requires substitution. Consider the integral:
I

J

I = (l+iQmei~ i)de .

(CIS)

0

fu(~ i)du .
1

I = iQ~1

(Cl6)

l+iQ.,

The above integral is then given by
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f =

i(;)2:1 ~ -{} + iQm)f j

=i;Q: -¾Ql 1{l+Q:2 )f expHf+ftan-1 Qm)]
1

1

= ; Q!- (1 + Q:

2

)f sin(~ tan-

1

Qm )+

i; Q:

1

[

l -Q!(1 + Q:2 )f cos(f tan -1 Qm )] . (Cl 7)

We have used trigonometric identities, Euler's Formula, and the special case i = eif to
obtain a simpler form of the integral. As a result, equation (Cl 7) clearly illustrates the
real and imaginary parts of the integral.
Now substituting the real part of equation (Cl7) into (Cl4) allows us to express
the scintillation index of a plane wave in terms of inner scale. That is

As the inner scale vanishes, / 0

➔

0, the parameter Km gets very large, Qm

➔ oo.

Thus

for the generalized Kolmogorov spectrum, equation (32), the irradiance fluctuations
associated with an unbounded plane wave is given by

(Cl9)
Where we have defined the coefficient

(C20)

In terms of the generalized Rytov variance, equation (Cl9), we rewrite equation (Cl8) as:
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APPENDIX D: MEAN IRRADIANCE--TRANSVERSE (WEAK)

'I'

t

.

,...,.

The radial component of the log-amplitude variance is given by

where the power spectrum is assumed to be the generalized Kolmogorov power law
spectrum, visually,
K>O, 3 < a. < 4.

(D2)

The function a(a.) is defined by equation (34) and 10 is a modified Bessel function of the
first kind (see Identity #12) which has the Maclaurin series representation of

(z/2)2n .
~
lo(x) -- ~
n=O n!r(n + 1)
A=

The nondimensional output plane beam parameter is defined as

2
L , where W is the beam radius.
kW 2
We can rewrite equation (DI) by using equation (D2), the Maclaurin senes

representation for 10 , and Identity #13, visually:

Now assuming that ~z) is constant over the propagation path and that termwise
integration is permissible, we can express the radial component as

The inner integral can be integrated by first making a substitution.
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Let

...

(D5)

To integrate the remaining integral we first recognize that since 3 < a < 4 and n

n + 1-

o/z > 0 .

;;?:

1,

Thus the integral is a gamma function ( see Identity #6) and can then be

given by

I

=

!(

!(

k Jn+I-%
r(n + 1- Q.) =
k Jn+I-%
(1- Q.) r(1- ..!!.).
2 2 AL:2
2n
2
2 AL:2

(D6)

Where we have introduced the Pochhammer symbol (see Identity #7) in the last step.
Now if we separate terms involving "n" and use the Recursion Formula for the gamma
function (see Identity #2), the integration yields

(D7)

By substituting equation (D7) into (D4) and by simplifying the radial component
is given by

The above integral can be easily integrated with respect to ~- In terms of the generalized
Rytov variance (equation (C19)) and beam radius, we see that

(D9)
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The remaining summation is recognized to be a confluent hypergeometric function of the
first kind:

(DIO)

Thus, the generalized radial component of the log-amplitude variance, in terms of the
generalized R ytov variance, is given by

(D11)

In the case where the separation distance is smaller than the beam radius, r < W,
we can approximate the radial component of the log-amplitude variance. For this case,
we can use the small argument approximation to the confluent hypergeometric function
(see Identity #9). Then

r2

= (a - 2)-

w2

.

(Dl2)

Thus an approximation for the generalized radial component of the log-amplitude
variance is given by

(D13)
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APPENDIX E: MEAN IRRADIANCE - ON-AXIS (WEAK)

!

The calculation of quantity T as defined by equation (46), visually:

T = -2E1 (0,0)-£2 (0,0),

(El)

reqmres calculating the first-order and second-order moments of the complex phase
perturbation of the field [I]. The first-order moment is given by ([I], pg. 128 Eq.(21)):

(E2)
The on-axis, second-order moment is given by ([I], pg 164):

(E3)

We assume that the quantity P.._z) is constant along the propagation path.

Also, we

assume the power spectrum to be defined by

K

> 0, 3 < a < 4,

(E4)
!
I'
I

where a(a) is defined by equation (34), m(a) is defined by equation (B 13 ),
Km

= m(a )/10

,

K0

= 1/L0 ,

and lo and Lo are the inner and outer scale parameters,

respectively.
We substitute equation (E4) into (E2) to calculate the first-order moment:

The integral in equation (E4) is the same as in equation (C4). Thus, using the result from
equation (CIO), the first-order moment is given by:
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..

'4

As the inner scale vanishes, lo ➔ 0, the parameter

Km

get very large. Thus the first-order

moment, in terms of outer scale, is given by:

K2
0

/,c2<< 1
m

·

(E7)

Now we substitute equation (E4) into equation (E3) to calculate the on-axis
second-order moment:

(E8)

where we have introduced the parameter Qm :::::

fLK

2

The integral in equation (E8) is of

the same form as the integral in equation (CS) and can be integrated in the same way.
Similar to the results in equation (C 11 ), the inner integral is given by:

Substitute equation (E9) into (E8), and, after some simplification, equation (E8) yields:

The integral in equation (E 10) will be evaluated by first making a substitution.
For the integral:
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I

I=

f(1 + AQm: )%-, d:,
2

(Ell)

0

(E12)

The integral is recognized to be a hypergeometric function, (Identity #14). Thus,
(E13)

We then use the analytic continuation formula ([1], pg. 394 Eq. (7)) to rewrite the
hypergeometric function. After simplification, it is given by:

r(½)r('½ - ½)(AQ )~1 F,
- r(½)r(a~ + ½)
2 I

I_

m

(1-

a

, _a. 3 _a._

2 '2

2 ' 2

2 ,

1

AQm

J

+ r(½)r(½ - '½ ) (AQ )-½ F (.1- .£. + .1- _ _1_J
r(1 - '½)r(1)
m 1 I 2 , 2 2 , AQm
As the inner scale vanishes, lo ➔ 0, the argument

(E14)

-1/AQm approaches zero; hence the

hypergeometric functions in equation (E 14) are essentially unity. Also, note that entire
second term of equation (El4) is zero for very small inner scale. Then after using the
Recursion Formula for the gamma function (Identity #2), the integral is given by

(EIS)

Now equation (E 15) can replace the integral in equation (E 10). This will cancel
out the inner scale term. After making the afore mentioned substitution and writing in
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terms of the generalized Rytov variance, equation (41), and the first-order moment,
equation (E7), the on-axis, second-order moment is then,

(E16)

Thus, the quantity T (equation (El)) can be calculated, visually:
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APPENDIX F: SCINTILLATION'S LONGIDUDINAL COMPONENT (WEAK)

The longitudinal component of the scintillation index, as defined by equation
(23), is given by

We assume a generalized Kolmogorov spectrum, equation (32), and that the quantity P._z)
2

is constant over the propagation path.

Also, define 77 = LK KiiK = kd 77
With the
k '
2L .

above substitution and assumptions, the longitudinal component is given by
I oo

a;,1 (L) = 41( a(a)pk -frf JJ17-'Yi exp(-A17; 2 }{t-cos[11;(1- 0; )]}tr,d; .
2

3

(F2)

0 0

We can introduce the generalized R ytov variance for a plane wave, equation (41 ), and use
the identity cos{x) = Re[exp(- ix)] to rewrite equation (F2) as follows:

where Re[x] is the real part of x.
The inner integral cannot be integrated as is due to singularities. To complete the
integration we introduce some small quantity,

E

> 0, and proceed similar to steps in

Appendix C. Consider the first, inner integral:

f(77 + t:Y 'Yi exp(- A 77; }177 .
00

11

=

2

0
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(F4)

As we did for the integral in equation (C4), we will solve this integral by first making a
substitution. Let t

= 17 , d17 = e · dt . Then,
e

a,

/

1

= / -f J(1 + t )~ali exp(- At 2 e · t)it .

(F5)

0

Equation (F5) is similar to the integral in equation (C6). We recognize that equation (F5)
is a confluent hypergeometric function (Identity #10) and also utilize its small argument
approximation (Identity #11). Recall we chose

E

to be a very small positive number.

Thus, the above integral, once evaluated, is given by:

(F6)

The second, inner integral can be evaluated following similar arguments:
a,

/ 2

J

= (17 + e) '.½ exp{- 17[At 2 + it(l - 0t)]}i,,
0

(F7)

Thus the entire inner integral in equation (F3) is given by

The terms in equation (F8) can be rearranged resulting in the expression:
(F9)
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Equation (F9) can be substituted

10

for the mner integral m equation (F3 ),

yielding:

Now we can complete the remaining integration in equation (FlO). The second integral
is easily integrated giving (J-ar

1

.

We recognize that the first integral is a

hypergeometric function of Gauss, given by Identity # 14. Performing the integration
leads to the expression for the generalized longitudinal component of the scintillation
index:

Equation (F 11) is the generalized longitudinal component of the scintillation
index for a Gaussian beam wave. In the limiting case of a plane wave (0 = 1, A = 0) ,
equation (Fll) reduces to the result previously obtained in Appendix C. To see this,
observe that 0 = 1 - 0 = 0. . Then the hypergeometric function of Gauss in equation
(Fl 1) is unity, and hence longitudinal component is expressed as

(F12)

To find the real part we use the special case of Euler's formula, i
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= exp(i f ), then

Inserting equation (F13) into (Fl2) leads to the generalized longitudinal component:

(Fl4)

In the limiting case of a spherical wave (0

= A = 0)

the parameter 0

=1-

0

= 1.

Then, using the result from equation (Fl3), the longitudinal component of scintillation
index has the form

The hypergeometric function of Gauss is now given by Identity # 15.

After some

simplification, the hypergeometric function is given by

2

a a. 1 a-I)- r(l+f)r(f) _ aB(a a)
F.(l
I
- 2, 2, + 2, r(a) - 2 2' 2 '

(Fl6)

where we have used the Recursion formula for the gamma function and the beta function,

j.

B(x, y) = rt)r(y

r

x+y

Thus, for a spherical wave, the generalized longitudinal component

of the scintillation index is given by

(Fl7)
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APPENDIX G: PLANE WA VE STRUCTURE FUNCION

The wave structure function (WSF) associated with an unbounded plane wave is
given by equation (16), visually:
00

2

DP1 (o,L) = 87r k

2

Lf ~ n(KX1-J (Kp)~K,

(Gl)

0

0

where Jo(x) is a Bessel function of the first kind. We assume the power spectrum is a
generalized von Karman spectrum, equation (I I), visually:

(G2)

a(a) is defined by equation (34), m(a) is defined by equation (B13),
K0

= I/L 0 ,

Km=

m(a)/1

0

,

and lo and Lo are the inner and outer scale parameters, respectively.

Substituting equation (G2) into (G 1) leads to

(G3)

Under the assumption that the inner scale size is much smaller than the outer scale
stze, that is

K; /K;, << I ,

we can evaluate the integrals in equation (G3).

The first

integral,

(G4)

is integrated in Appendix C, equation (Cl 0), visually:
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I =
I

,co2-a -

a

a- 2

4

1)
- a

2

,c2-a.

(G5)

m

To evaluate the second integral we first replace the Bessel function with its
Macluarian series representation (Identity # 16).

Assuming term-wise integration is

permissible, the second integral is given by

(G6)

We evaluate the remaining integral by substitution. Let t

= ,c 2 / ,c;

, ,aix

= ½,c; dt . Then,
(G7)

The integral is recognized to be a confluent hypergeometric function of the second kind
(Identity #10). Thus,

I = J_2 ,c02n+2-ar(n + 1\n(n
+ l ' n + 2 -l!_·
JV
2,

,c;

2
,Cm

J

(G8)

Then, after inserting equation (G8) into (G6) and simplifying, the second integral is given
by

I 2 -

J_ ,c 2
2 0

-a""ao (- l)n(
L.J
~

'

n

,c02 p 2

4

J U n + l, n + 2 - l!_ · - J
n

(

,c02
2 , ,c 2

.

(G9)

m

We can now use the small argument approximation for the confluent hypergeometric
function (see Identity #11):
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(GlO)

Then, after inserting equation (GlO) into (G9) and simplifying, the second integral is
given by

(Gll)

Where we have introduced the Pochhammer symbol via use of Identity #7 and Identity
#13 .

The second summation in equation (Gll) is recognized to be a confluent

hypergeometric function of the first kind. Then

Using equations (GS) and (Gl2), the difference of the integrals in equation (G3),
after simplification, is given by

(G13)

We now focus our attention on the last two terms of equation (G13). Visually:

(Gl4)
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By factoring out the first term of the summation and by using the Recursion formula for
the Gamma function, we can rewrite equation (G14) as

(GI5)

To simplify the remammg summation, we attempt to write it as a generalized
hypergeometric function. To do this we first write out the first few terms of the series:

(G16)

By factoring out the common terms and introducing Pochhammer notation (Identity #7),
we can rewrite the summation:

We can use the identities

(n +I) = (2t and

Identity # 13 to rewrite the summation as a

generalized hypergeometric function:

We now substitute equation (G18) into (GIS). Then, after using the Recursion Formula
for the gamma function,
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S -

K 4- a p 2

- (4 - ao Xa - 2)1F2

( .

2 2
a . KoP

J

1,2,3 - - , - .
2

4

(Gl9)

The argument in the above hypergeometric function is relatively close to zero (the outer
scale parameter is very large relative to separation distance); therefore we can argue its
value to be unity. Then,

(G20)

Equation (G20) is substituted into (G13), and the difference of the integrals in
(G3) is then given by

Thus, the generalized WSF for a plane wave is given by

(4 - aXa - 2)
We now consider two asymptotic regimes for the WSF of an unbounded plane
wave. First we will consider very small separation distances. In this case the separation
distance is much smaller than the inner scale size, p << /0 << L0 . Hence, we can use the
small argument approximation to the confluent hypergeometric function (Identity #9).
Then,
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(1-

~{K!4P2)

K2p2)
a
F 1--·lm
-1~ 1 - - - - - -1 = (a -2\.,m2P2
JA.
I
I(
2"
4
1
8

(G23)

Substitute equation (G23) into (G22). Then,

Thus, after simplification, the generalized WSF for a plane wave is given by

Where b(a) is defined by equation (42), and we have introduced the constant

c{a) = a(a - 2) [m(a)Ja .

3<a < 4,

16

(G26)

Consider the asymptotic regime where the separation distance is much greater
than the inner scale size, /0 << p << L0 .

In this regime we use the large argument

approximation to the confluent hypergeometric function (Identity #9). Then,

(G27)

Now substitute equation (G27) into (G22). Then,
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Notice that in equation (G28) the inner scale parameter cancels out. Thus, after
simplification, the generalized WSF for a plane wave is given by

D (p La) =d(a)-b(a) f]k 2Lpa-2{1pl

'

'

sin(aJr/ 4)

(KoP)4-a
}
d(a)r(-¾X4 - aXa - 2) '

(G29)

where we have introduced the constant

d(a) - __
a_
- 2a-l . r(¾),

3 < a < 4.
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(G30)

APPENDIX H: SPHERICAL WAVE STRUCTURE FUNCTION

The wave structure function (WSF) associated for a spherical wave is given by
equation ( I 7), visually:
I co

2

2

ff

Dsp (p, L) = 87! k L

r@n

(K XI- J 0 (K~p )}iKd~

(HI)

0 0

Where Jo(x) is a Bessel function of the first kind.

As we did for the plane wave,

Appendix G, we assume the power spectrum is a generalized von Karman spectrum,
equation (38), visually:

K>O , 3<a<4'

a(a) is defined by equation (34), m(a) is defined by equation (B13),
K0

= 1/L 0 ,

(H2)

Km

=m(a)/10 ,

and lo and Lo are the inner and outer scale parameters, respectively. We

assume that P.._z) is constant along the propagation path. Substituting equation (G2) into
(GI) leads to

(HJ)

We have separated the integrals with respect to Kand~.
Clearly, the first integral with respect to~ is unity. To evaluate the second integral
with respect to ~' we first replace the Bessel function with its Macluarian series
representation (Identity #16).

Assuming term-wise integration is permissible, this

integral is given by
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(H4)

Which can be easily integrated, yielding

I=

f

(-It (Kp]2n
2
n=O {n!) (2n + 1)
2

To introduce the Pochhammer notation we first multiply equation (H5) by

(H5)

(2n )/(2n). and

then use Identity #8 and Identity # 17. Then,

f=Lco {- l)n {½)

( Kp J2n
n=O (It(½tn!
2
2n

(H6)

We can now substitute equation (H6) into (H3) which leads to

Under the assumption that the inner scale size is much smaller than the outer scale
size, that is

K; /K: << 1,

we can evaluate the two integrals in equation (H7).

We

integrate the first integral,

(H8)

to obtain the now familiar result (See Appendix C):

(H9)
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Integration of the second integral is the same as in Appendix G. Thus, using the results
from equations (G8) through (GIO), evaluation of the second integral yields:

(HIO)

To clarify what we have so far, equation (H7) has the form

(Hll)

Where 11 is defined by equation (H9) and his defined by equation (HIO). We substitute
equations (H9) and (HI 0) into (HI I) and obtain, after simplification and rearranging
terms, the expression:

(H12)

We now focus our attention on the last two terms of equation (H12). Visually:

(H13)

By factoring out the first term of the summation and by using the Recursion formula for
the Gamma function, we can rewrite equation (H13) as
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(H14)

To simplify the remammg summation, we write it as a generalized hypergeometric
function by factoring out the common terms, then:

S

=

4

K -a
o p

3(4-

2

aXa -

3 -5 3- a . KoP
2 2 ]
F3 ( 1 -·2
2)2
'2' '2'
2' 4
·

The argument in the above hypergeometric function is relatively close to zero (recall that
the outer scale parameter is very large relative to separation distance); therefore we can
argue its value to be unity. Thus,
K4-ap2

S-o
- 3(4-aXa-2)

(Hl6)

Note that the only difference from equation (G20) and (H16) is a factor of 1/3.
Equation (Hl6) is substituted into (Hl2). Thus, the generalized WSF for a
spherical wave is given by

(Hl7)
4- a

2

p
3(4-aXa-2)
Ko

We now consider two asymptotic regimes for the WSF of a spherical wave. First
we will consider very small separation distances. In this case the separation distance is
much smaller than the inner scale size, p << /0 << L0 .
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Hence, we can use a small

argument approximation to the confluent hypergeometric function by taking only the first
two terms of the series. Then,

- l = (a - 2 )K~p
24

2

(H18)

Also notice that equation (H18) and equation (G23) differ by a factor of 1/3. Substitute
equation (H18) into (Hl 7). Then,

(H19)

Thus, for very small separation distances, the generalized WSF for a spherical wave is
simply

(H20)

where D pl (p,L , a) is the WSF for a plane wave in the small separation distance regime,
defined by equation (G25).
Consider the asymptotic regime where the separation distance is much greater
than the inner scale size, / 0 << p << L 0 .
approximation to the

2

In this regime we need a large argument

F 2 hypergeometric function in equation (HI 7). To find such an

approximation, we must use a Meijer G function. [4]. From the definition of a Meijer G
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function ([ 4] pg 419 Eq. 11.12), a general 2 F2 hypergeometric function is directly related
to a Meijer G function, visually:

I
· )- r(c)r(d) 2,1(1 l,c,dJ
2F 2\a, b·,c, d ,-x
I) ( )G32 - - - '

r\a r

b

'

X

(H21)

a,b

where the Meijer G function in equation (H2 l) is given by the expression,

2.1( -1 1,c,dJ-- (r(b-a)r(a)
( 1Ja F; (a,l+a G3.2
) (
) x a, b
r C- a r d - a X 3

.
. IJ
c,l+a-d,l+a-b,X

(H22)

r(a - b )r(b) ( -1Jb F; ( b,1+a-c,l+b-d,1+b-a,
.
.-I J
3

r c-b rd-bx
(

)

(

x

)

For the very large x, the argument of the two remaining generalized hypergeometric
functions in equation (H22) is very small, that is x- 1 << 1. We can therefore approximate
the hypergeometric functions to be unity, thus the Meiger G function can be
approximated by
G 2,1(_!_
32
'

l,c,dJ ~ r(b-a)r(a) (_!_Ja

X

a, b

r(c - a )r(d - a)

X

r(a-b)r(b) (_!_Jb

+ r(c - b)r(d - b)

X

'X

l
>> .

(H2J)

By substituting equation (H23) into (H2 l) we are left with the large argument
approximation for a general 2 F2 hypergeometric function, visually:

F ( b·
2

2

d·-

a, ,c, ' x

)~ r(c)r(d)r(b-a) (xta + r(c)r(d)r(a-b) (xtb X>> l (H24)
r(b)r(c-a)r(d-a)
r(a)r(c-b)r(d-b)
'
.

We can use equation (H24) to approximate the
equation (HI 7), visually
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2

F2 hypergeometric function in

(H25)
Note that the second term in equation (H25) is essentially zero (recall that /0 << p ),
which allows us to make the approximation

Equation (H26) can be further simplified by using the Recursion Formula for the gamma
function, visually:

(H27)

Now we substitute equation (H27) into (HI 7) which leads to

(H28)
3(4-aXa-2)
Notice that in equation (H28) the inner scale parameter cancels out. Thus, after
simplification, the generalized WSF for a spherical wave is given by

D (
sp

p,

)=

L

,a

d(a )· b(a) /Jk2 L
(a - l)sin(an/ 4)
p

a-2{l- 3d(a)r((a - 1X,~· p )4-a
}
'½X4-aXa-2) '
0

where we have used the constants b(a), equation (42), and d(a), equation (G30).
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(H29 )

APPENDIX I: PLANE WAVE SCINTILLATION (STRONG)

In the saturation regime, the scintillation index for an unbounded plane wave is
given by equation (24), visually

H

aJ(L) ~ 1+ 32,r'k' L

K<I> 0 (K )sin'[ L :'

X

2

w(<;,<;)]

exp{-!D,,[ Lt w(r, <;)]dr}dw<;,

(II)

where -r is a normalized distance variable. For a plane wave, the function w( z; <;) is
defined by

(I2)

We assume the power spectrum to be the generalized Kolmogorov power law spectrum,
equation (32), visually,
K>O' 3<a<4 .
a(a) is defined by equation (34).

(I3)

Also, Dpz(p) is the plane wave structure function,

equation (55). We assume that the inner scale of turbulence is smaller than the spatial
coherence radius of the optical wave. Then, based on the generalized Kolmogorov
spectrum, the plane wave structure function is given by (recall equation (G29)):

D (
pt

p

)= d(a)·b(a)f)k 2 L
sin(an/ 4)

a- 2

p

'

3 <a< 4.

where we have used the constants b(a), equation (42), and d(a), equation (59).
Using equation (I4), it follows that
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(I4)

Writing equation (IS) in terms of the generalized Rytov variance, equation (41), leads to

(16)

Completing the remaining integration in equation (16), we find that

The exponential function in equation (II) acts like a low-pass spatial filter. This
ensures that LK 2 /k << 1, and consequently, we use a geometrical optics approximation
for the sine function in equation (II), which yields

(18)

We also assume that ~(z) is constant along the propagation path. It follows that equation
(I 1) can be written as
1

0()

0

0

a;(L) = 1 + 8Jr2a(a )fJL3ft 2f

K s- a

We can write equation (19) in terms of the generalized Rytov variance, which leads to the
expresswn
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The inner integral in equation (Il 0) can be integrated by substitution. Consider,

Let t =

K a- 2 , K

=

,C~J ,dk

_,-(:=~). Then,

= _l

a - 2

which we recognize to be a gamma function (Identity #6). Thus, after performing the
integration the inner integral is given by

I=

1

a- 2

r(6-a1{.
d(a) a2
(afL)f-iia-2[
-(a-2)i]}-{:
~
~J
a(an/
a
2) sm

4)

1

\ k

1

(I13)

-1

Equation (113) can be simplified, leading to the expression

(114)

The inner integral, Equation (114), can now be substituted into equation (110),
yielding
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We recognize that the remaining integral is actually a hypergeometric function of Gauss
(Identity #14). Thus, after performing the remaining integration, the scintillation index of
a plane wave is given by

(I16)

where fl a) is a constant defined by
8

J(a)=

2-[d(a)J(~) r(6-a)[sin(a,r)](
(a-2Xa-3)r(-%) a-2
4
a - 2)
6-a
x F; --,a-3;a-2;-- .
(a-2
a-1
2
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~~; )

(117)

APPENDIX J: SPHERICAL WAVE SCINTILLATION (STRONG)

We follow similar analysis in the calculation of scintillation index for a spherical
wave in the saturation regime. As in Appendix I, the scintillation index for a spherical
wave is given by equation (24), visually

a J(L) = I + 321r k L
2

2

n,<I>. (1<)sin
x

2
2
[

L:
2

w(f,f)]

exp{-!D,,[\K w(,-,f)]d,-r.uif,

(Ji)

where -c is a normalized distance variable. Here, for a spherical wave, the function w( z; t;)
is defined by

(J2)

We again assume the power spectrum to be the generalized Kolmogorov power law
spectrum, equation (32), visually,
K

a(a.) is defined by equation (34).

> 0, 3 < a. < 4.

(J3)

Also, Dp1(p) is the plane wave structure function,

equation (58). We assume that the inner scale of turbulence is smaller than the spatial
coherence radius of the optical wave, then based on the generalized Kolmogorov
spectrum, the plane wave structure function is given by (recall equation (G29)):

D ( ) = d(a )· b(a) /Jk 2L a-z
pl p
. (a1r/4)
p
'
sm

3 < a. < 4,

(J4)

where the constant b(a.) is defined by equation (42) and the constant d(a.) is defined by
equation (59).
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Using equation (J4) and writing in terms of the generalized Rytov variance,
equation (41 ), leads to the integral

(JS)

Using equation (J2), the remaining integral in equation (JS) can be easily integrated.
After performing the integration, we see that for a spherical wave,
1

fD [LKk
pl

-

( 1:)]dr-(
_

WT,~

0

d(a){
)·

a - I sm\an/ 4

{LJf-i

2
)al (a -

k

K

tI-t )]a-2.

a- 2 [ (

(J6)

As we did in Appendix I, we use a geometrical optics approximation for the sine function
in equation (JI), which yields

(J7)

We also assume that f3(z) is constant along the propagation path. It follows that equation
(JI) can be written in terms of the generalized Rytov variance, which leads to the

expression

The inner integral in equation (J8) can be integrated just as we did the integral in
equation (111 ). Performing the integration leads to
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(J9)

The inner integral, Equation (J9), can now be substituted into equation (J8),
yielding

We recognize that the remaining integral is a beta function [4]. After performing the
integration, the spherical wave scintillation index is given by

(Jl 1)

where g(a) is a constant defined by

2-r(~~)B(a-3,a-3)[a-1](:_
:)[. (a7r)](
~
) ( )
-()
8

g(a) =

~~; )

a - 2r

_a!i

sm -

d a
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4

,3

<

a

<

4.

(J12)

APPENDIX K: LARGE-SCALE LOG-IRRADIANCE VARIANCE (PLANE)

The large-scale log-irradiance scintillation for a plane wave is defined by [3]:

(Kl)

Where the power spectrum is the generalized Kolmogorov spectrum, equation (32). We
assume that the parameter fX.z) is constant along the propagation path. Then,
(K2)

where the constant a(a) is defined by equation (34). The generalized large-scale filter is
defined by [3],

(K3)

The quantity

Kx,

which will be defined later, represents the cutoff spatial frequency that

eliminates mid-range scale size effects under moderate-to-strong fluctuations. The filter
function

eliminates

fluctuations.

high

spatial

frequency

contributions

in

moderate-to-strong

Hence, we can use a geometrical optics approximation for the cosine

function in equation (KI) which leads to

(K4)

K << Kx.

If we introduce the nondimensional quantities i;

= z/L

and 17 = LK

2

/k and

make the

above mentioned substitutions into equation (K 1), then the large-scale log-irradiance
variance yields

100

(K5)

where we have introduced the parameter T/x = LK~

/k . We can rewrite equation (K5) in

terms of the generalized Rytov variance (equation (41)):

(K6)

~

Integration of the integral with respect to

yields the constant I /3. The integral with

respect to 11 is recognized to be a gamma function (Identity #6). After performing the
integration and simplifying using the Recursion formula for the gamma function, the
large-scale log-irradiance variance is given by the expression

a(4 - a ~'---~
Va - 2) 2 ( X
a 2 = ---'------'a a rJ
lnx

48sin(aJr/ 4)

I

) 3- E'2.
x

We now define the spatial cutoff frequency,

(K7)
.

It has been determined, using

Kx.

asymptotic behavior, that [3]

(_!:__J

2

_l = c1L + c
z
k
z kPo
Kx

where p 0 is the spatial coherence radius and
defined.

Substituting

equation

(K8)

1

c1

and

into

(K8)

'

c2

are scaling constants yet to be

the

nondimensional

parameter

(K9)
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We can write equation (K.9) in terms of the generalized Rytov variance by using the
relationship given by equation (69), visually:

3 < a < 4,

lo= 0.

(K.10)

where the constant d(a) is defined by equation (59). Consequently,

(Kl 1)

and hence, equation (K7) can be written as

(Kl2)

We choose the scaling constant c 1 so that the large-scale log-irradiance variance 1s
approximately half the generalized Rytov variance in the weak fluctuation regime [3].
We define the scaling constant c1 to be given by
2

a(4 - aXa - 2) ]
c (a) =[ (0.49)-48sin(an/ 4)

6

-a

1

which leads to the expression
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'

3 < a < 4,

(Kl3)

(Kl4)

We choose the scaling constant c2 so that the large-scale log-irradiance variance 1s
directly related to the asymptotic behavior of the scintillation index.

In the strong

fluctuation regime, the scintillation index of a plane wave is given by equation (78). To
match that behavior, we define the scaling constant c2 to be given by
2

2
6

- ( {2-sin(an/ 4)](a-2)[ (0.49) ] -a

c 2 (a ) - c1 a

( )
da

( )
2 -f a
1

,

3<a <4'

(Kl5)

where the constant j{a) is defined by equation (79). Hence, the generalized large-scale
log-irradiance variance for a plane wave can be written as

(Kl6)
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APPENDIX L: SMALL-SCALE LOG-IRRADIANCE VARIANCE (PLANE)

The small-scale log-irradiance scintillation for a plane wave is defined by [3]:

Where the power spectrum is the generalized Kolmogorov spectrum (equation (32)). We
assume that the parameter /J...z) is constant along the propagation path. Then,
(L2)
where the constant a(a) is defined by equation (34). The generalized small-scale filter is
defined by [3],

(L3)

The quantity

Ky ,

which will be defined later, represents the cutoff spatial frequency that

eliminates mid-range scale size effects under moderate-to-strong fluctuations. The filter
function

eliminates

low

spatial

frequency

fluctuations. Hence, for large wave numbers,

contributions
K '> > Ky ,

in

moderate-to-strong

the cosine function in equation

(L 1) oscillates rapidly, which leads to the approximation

(L4)

K >> Ky.

If we introduce the nondimensional quantities i;

= z/ L

and T/

=L K 2/ k

and also make the

afore mentioned substitutions into equation (L 1), then the small-scale log-irradiance
variance yields
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I

ex,

o-!y = 41l a(a)pk -% L%f d~f (11+11_J -'½ d17,
3

2

0

(L5)

0

where we have introduced the parameter 7Jy = LK;

/k.

We can rewrite equation (L5) in

terms of the generalized Rytov variance (equation (41)):

(L6)

Integration of the integral with respect to

~

yields the constant 1. The integral with

respect to YJ is also easily integrated by change of variables, yielding

(L7)

hence, equation (L6) becomes

2

2-at (a)

1- a/

am = -,----,---,--,----,--~77
Y
(a - 2)r(- '½)sin(a1l/ 4) y

(L8)

n

We now define the spatial cutoff frequency,

Similar to the large-scale case, it

Kx .

has been determined, using asymptotic behavior, that [3]

(L9)

where p0 is the spatial coherence radius and
defined.

Substituting

equation

(K.9)
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c1

and

into

c2

are scaling constants yet to be

the

nondimensional

parameter

(L9)

We can write equation (L9) in terms of the generalized Rytov variance by using the
relationship given by equation (69), visually:
2

L

kp; (a)

=[

d(a)
](a-2) La2
r (a ia-2)
~
1
2-sin(an/ 4)
)
'

3 < a < 4,

lo= 0,

(LIO)

where the constant d(a) is defined by equation (59). Consequently,

(Lll)

and hence, equation (K7) can be written as

(Ll2)

We choose the scaling constant c 3 so that the small-scale log-irradiance variance is
approximately half the generalized Rytov variance in the weak fluctuation regime [3].
We define the scaling constant C3 to be given by
2

ca
3
~

) -

2
[ (o.s1Xa - 2)r(-½)sin(aJr/ 4)

which leads to the expression
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Ja-2 3 < a
'

<4

'

(L13)

(Ll4)

We choose the scaling constant c3 so that the small-scale log-irradiance variance is
directly related to the asymptotic behavior of the scintillation index.

In the strong

fluctuation regime, the scintillation index of a plane wave is given by equation (78). To
match that behavior, we define the scaling constant C4 to be given by

f )-

f

{2 ·

c 4 \a - c3 \a

2

(0.51)sin(aJr/ 4)] (a-2)
1
In 2-d\a

)

,

3 < a < 4,

(LIS)

Hence, the generalized small-scale log-irradiance variance for a plane wave can be
written as
2

a~Y (a) =

(0.5 I)o-i' (a)

a

_
2

I+ - ln 2

a 12(a) (a-2)
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0

51ai' (a\a, (a) «

I,

(Ll6)

APPENDIX M: LARGE-SCALE LOG-IRRADIANCE VARIANCE (SPHERICAL)

The calculation of the large-scale log-irradiance for a spherical wave is very
similar to the analysis done for a plane wave in Appendix K .
highlight any significant changes.

This appendix will

The large-scale log-irradiance scintillation for a

spherical wave is defined by [3] :

where the power spectrum is the effective Kolmogorov spectrum, equation (82), having
the large-scale filter function, equation (84).
Once again, the quantity

Kx,

which will be defined later, represents the cutoff

spatial frequency that eliminates mid-range scale size effects under moderate-to-strong
fluctuations.

The filter function eliminates high spatial frequency contributions in

moderate-to-strong fluctuations, and thus we use a geometrical optics approximation for
the cosine function in equation (Ml),

By making this approximation and by introducing the nondimensional quantities

i; = z/ L , 17 = LK2 / k , 17x = LK; /k , and the generalized R ytov variance, we can rewrite
the large-scale log-irradiance variance as:

2

o-mx =

(

,a

0-12 {

)

) . (

2r - al2 Slfl a1t/4

I

2

2

co

)fi; (1 - i;) di;f11
0

0
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2

i

(
77 )
exp - 77 /
77
/ 1Jx

d17 .

(M3)

Integration of the integral with respect to~ yields the constant 1/30. The remaining parts
of equation (M3) are the same as in equation (K6). One can note that at in terms of the
large-scale frequency cutoff,

a~ x ( spherical) = ~ •a~ x (plane) . After performing the
1

remaining integration in equation (M3), the large-scale log-irradiance variance for a
spherical wave is given by the expression:

a(4-aXa-2) 2(a X )3 ~
a 2 = ---------~a
1

(M4)

2

lnx

480sin(aJr/ 4)

1lx

We now define the spatial cutoff frequency,

Kx.

It has been determined, using

asymptotic behavior, that [3]

_1 = dlL +d
2

Kx

k

2

(~J2
k
Po

(MS)

,

where p 0 is the spatial coherence radius and d1 and d2 are scaling constants that are
defined similarly to the scaling constants in Appendix K. They are given by
2

a Xa - 2)
16-a
d 1(a)= [ (0.49)· 240sin{aJC/4)B(a/2,al2) j '
(4 -

?

3<a<4
2

)=d ( {2-sin(a7r/ 4)](a=2 )[{0.49Xa/2}B(a/2,a/2)] ~
d
2 \a
i al
d (a)
! .g(a)
1

(M6)

'

,

(M?)

where B(x,y) is the beta function, and g(a) is the function defined by equation (81). By
defining the scaling constants in this matter, the large-scale scintillation index can be
derived following similar analysis in Appendix K . Thus, the generalized large-scale logirradiance variance for a spherical wave can be written as
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which has the asymptotic approximations

2
alnx
(a) -::::

(M9)

a/ (a) >> 1.
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APPENDIX N: SMALL-SCALE LOG-IRRADIANCE VARIANCE (SPHERICAL)

The calculation of the small-scale log-irradiance for a spherical wave is very
similar to the analysis done for a plane wave in Appendix L.
highlight any significant changes.

This appendix will

The small-scale log-irradiance scintillation for a

spherical wave is defined by [3]:

where the power spectrum is the effective Kolmogorov spectrum, equation (82), having
the small-scale filter function, equation (85).
Once again, the quantity

Ky,

which will be defined later, represents the cutoff

spatial frequency that eliminates mid-range scale size effects under moderate-to-strong
fluctuations .

The filter function eliminates low spatial frequency contributions in

moderate-to-strong fluctuations, and thus for large wave numbers,

K

function in equation (Nl) oscillates rapidly and is essentially zero.
approximation and by introducing the nondimensional quantities i;
'fly

= LK; /k , and

>>

Ky ,

the cosine

By making this

= z/ L , r, = LK 2 /k ,

the generalized Rytov variance, we can rewrite the small-scale log-

irradiance variance as:

(N2)

which is identical the small-scale log-irradiance variance for a plane wave. Thus it can be
expressed as

(N3)
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We now define the spatial cutoff frequency,

Ky.

It has been determined, using

asymptotic behavior, that [3]

(N4)

where Po is the spatial coherence radius and d3 and d 4 are scaling constants that are
defined similarly to the scaling constants in Appendix L. They are given by

3 < a < 4,

(NS)

3 < a < 4,

(N6)

2

d la) =d 1a{2 -(o.s1Xt )B(f,f)sin(a1r/4)](a-2)
4
3
~
~ l
In 2 · d(a)
'
where B(x,y) is the beta function, and

d(a)

is the function defined by equation (59). By

defining the scaling constants in this matter, the small-scale scintillation index can be
derived following similar analysis in Appendix L. Thus, the generalized small-scale logirradiance variance for a spherical wave can be written as

a!Y (a) =

2
(o.s1Xa/2)B(a/2,a/2)a1 (a)

f,

{ 1 + [ (0.5 l)(a/~~(a/2, a/2

a-2 '

(N7)

2

[er,' (a)}-¼ }-

which has the asymptotic approximations

2

a!Y(a) ={(o.s1{~)B(~, ~)a 1 (a),

2

a 1 (a) << l,

a12 (a) >> 1.

In 2, a/(a) >> 1,

115

(N8)

APPENDIX 0: MATHEMATICAL IDENTITIES

a> 0, 0 < y < 1.

#1.

#2.

Recursion Formula:

r(x + 1) = xr(x),

#3.

(for z nonintegral):

r(z)r(1 - z) = . ( )

#4.

s1n

x>-1 , x;t;0

1lZ

Multiplication Formula:
oo (- l)n x2n+1

#5.

Maclaurian Series Representation:

#6.

#7.

X

sin(x)=

L--n=o (2n + l)!

> 0, S > 0.

Pochhammer Symbol:
n = 1, 2, 3, ...

1- az,

lzl << 1

C

#9.

r(c) )z - a ,Re( z) >> 1
1

r\c-a

#10

U (a; c; z ) = 11 ) fco e -zt t a - l {l + t )c- a-1 dt ,
r\a O

a > 0 , Re(z) > 0

r(c-1)
11
l
-r(I-c)
-~+~
- z l - c ,z<<
#11

U(a;c; z)--

r(I+a-c)

r(a)

z -a,Re(z) >> 1
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#12

#13

r(n+l)=n!=(l)n,

n=O, 1,2, ...

µ>O

#14

#15

__ )- r(c)r(c-a-b)

2

F; (a,b,c,l - rc-arc-b
(
) ( .)

#16

#17
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